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racterization of subspaces of given rank in a projective space*)

M. Cohen

ACT

A theorem by Cooperstein that partially characterizes the natural

try An,d(F) of subspaces of rank d-1 in a projective space of rank n
a finite field F, is somewhat strengthened and generalized to the case
arbitrary division ring F.

doreover, this theorem is used to provide characterizations of An,Z(F)
5’3(F) which will be of use to characterizations of other (exceptional

roup geometries.

JRDS & PHRASES: progjective geometry, Grassmann varieties

3 report will be submitted for publication elsewhere,







TRODUCTION

Theorem A by Cooperstein in [2] provides a partial characterization of
eometry Aa,d(F) on all subspaces of rank (= projective dimension) d-1
projective space of rank a over a finite field F. Though there are more
ial) characterizations, cf. [5], [6], this one has the advantage of
ready-made for characterizations of geometries corresponding to groups
e type, see for instance Theorem B of [2]. This note deals with a
alization of Theorem A to the case of a projective space of finite rank
an arbitrary division ring F. The present version is stronger than the
nal theorem in that it describes more specifically what happens in
(iii)'. In fact, it shows that case (iii) does not occur at all if the
try is finite.
dowever, many steps in the proof are taken from or inspired by
rstein's proof of Theorem A. The infinite case (i.e. where the geometry
ence F is infinite) depends on the classification of polar spaces of
3 (used in 4.2) as given in [77.
[wo applications of the theorem are given: a characterization of the

in a projective space of finite rank, and a characterization of the
s in a projective space of rank 5. Precise formulation of the results
>e given in Section 2 after some notation and terminology has been

luced.
RMINOLOGY, NOTATION AND MAIN RESULT.

An <ncidence system (P,L) is a set P of points together with a collec-

L of subsets of cardinality > 1, called limes. If (P,L) is an incidence
n then the point graph or collinearity graph of (P,L) is the graph
whose vertex set is P and whose edges consist of the pairs of collinear
5. The incidence system is called connected whenever its collinearity

is connected. Likewise terms suech as (co)eliques, paths will be

ad freely to (P,L) when in fact they are meant for (P,T'). We let d(x,y)

»Y € P denote the ordinary distance in (P,T) and write

Pi(x) ={ye?P | dx,y) = il}.




r'(x) = fl(x) and x* = {x} v r(x).

1 subset X of P and y € P we write d(y,x) = min d(y,x),
xeX"

xt= n xt and T(x) = U T(x).

xeX xeX
) is called nondegenerate if Pt = ¢.
set X of P is called a subspace of (P,L) whenever each point of P on
l1e bearing two distinct points of X is itself in X. A subspace X is
:d singular whenever it induces a clique in (P,T). The length i of a
1St chain-XO g Xl S eee S Xi = X of nonempty singular subspaces Xj of X
tlled the rank of X and denoted by rk(X).
For a subset X of P, the subspace generated by X is denoted <X>. Instead
> we also write <x,Y> if X = {Xl} v Y, and so on.
If F is a family of subsets of P and X is a subset of P, then F(X)
-es the family of members of F contained in X, while FX denotes the
y of members of F containing X. If X = {x} for some x ¢ P, we often
: Fx instead of F{x}' Furthermore, if H is another family of subsets of
ien F(H) denotes {F(H)IH e H}.
If G is a group of automorphisms of (P,L) such that L f_xG for any
and L € L, then (P,L)/G denotes the quotient of (P,L) by G, i.e. the

ence system whose points are the orbits in P of G and whose lines are

e form {XGIX € L} for L € L. The incidence system (P,L) is called linear
y two distinct points are on at most one line. If x,y are collinear
s of a linear incidence system, then xy denotes the unique line through
thus xy = <x,y>.
A line is called thick if there are at least three points on it, other-
it is called thin. Recall (from [2]) that (P,L) is a polar space if
L| # 1 implies L E_xl for any x € P and L € L that the rank of a
space is the maximal number k > 1 such that there exists a chain
0SViS e g v, of singular subspaces in (P,L) and that a generalized
angle is a polar space of rank 2. The objects under study here are in-

ce systems (P,L) in which the following four axioms hold:

for any x € P and L ¢ L with |xl nL| > 1 the line L is entirely con-
tained in x- (this means (P,L) is a Gamma space in D.G. Higman's

(terminology)




the connected components of (P,L) are not complete.
For any two x,y € P with d(x,y) = 2, the subsets x" n yl forms a sub-
space isomorphic to a nondegenerate generalized quadrangle.

For x € P, L € L such that_x~L nL=9but x  nL'# @ the subset

1 1. .
X" n L is a line.

For ease of reference and with the result below in mind, an incidence

n (P,L) satisfying (P1), (P2), (P3), (P4) (but not necessarily connected)
be called a Grassmann space. The incidence structure whose points are the
aces of rank d of a projective space over a division ring F of rank n and
lines are the subspaces incident to an incident pair x,y of a subspace

(¥).

rank d-lAand a subspace y of rank d+1, is denoted by An a+1
H

THEOREM. (P,L) ©Zs a comnected Grassmann.space with thick lines all whose
Lar subspaces have finite ranks iff one of the following holds

(P,L) Zs a nondegenerate polar space of rank 3 with thick lines.

There are a 2 4, d < (a+1)/2 and a division ring F such that (P,L)

= Aa,d(F)'

There are d = 5, an infinite division ring F and an involutory auto-

morphism o of A (F) Znduced by a polarity of the underlying

2d-1,d
projective space over F of rank 2d-1, with d(x,xc) 2 5 for all points

x of A (F), such that (P,L) = F)/

2d-1,d Bya-1,dF 55"

theorem is proved in Section 6.

CATIONS. Suppose (P,L) is an incidence system with thick lines.

(P,L) Zs a Grassmann space all whose singular subspaces have finite
ranks and in which x= n L' = ¢ for any x € P and L € L 2ff (P,L) s
either a nondegenerate polar space of rank 3 or isomorphic to Aa,Z(F)
for some a > 4 and some division ring F.

(P,L) Zs a Grassmann space in which for any two intersecting lines
LisLy € L and any point z € P there eixsts u € z' with ut L = @ and
ut n L, = @ 2ff (P,L) is either a nondegenerate polar space of rank 3

or isomorphic to one of A, 2(F), A 3(F) for some division ring F.
H E

applications are treated in Section 7.




{ELIMINARY RESULTS

Throughout this section, (P,L) will be a Grassmann space.
The definitions of generalized quadrangles and polar spaces and some
leir properties can be found in [2]. We shall first recall some facts

[2] whose proofs do not depend on any finiteness assumptions.

v 3.1. Let (P,L) be a Grassmann space. Then (P,L) ©s linear and is deter-—
l by its collinearity graph in the sense that for any two distinct

. 1L . . .
mear x,y € P, {x,y}"" is the unique line on x,y. Moreover, we have

maximal cliques are singular subspaces;

for any clique X of P, the'subspace <X> 18 singular;

if X 28 a subset of P, then X" is a subspace;

if x,y,2z form a clique of P not contained in a line, then {x,y,z}l

s a maximal singular subspace.

ISITION 3.2. (Cooperstein) Let (P,L) be a Grassmann space. For any
P with d(x,y) = 2, the subset S(x,y) defined by S(x,y) =
(VL e L) (L E_{x,y}l =z nL =@} isa subspace isomorphic to a

' space of rank 3 with the property that z' nsisa singular subspace
my z e P\S.

As a matter of fact, (P4) is not needed for the lemma and the proposi-
The proof of Proposition 3.2 can be found in [2] though some care has

. taken to relax the condition that lines are thick (cf. [1]). The

y of all S(x,y) obtained as described above will be denoted by S, and

amily of all maximal cliques will be denoted by M. A member of S will

1lled a symp or a hyperline; a maximal singular subspace will often

1led max space for short.

LARY 3.3,

Each singular subspace of rank < 2 is contained in a symp. Hence, it
is a point, a line or a projective plane;

If M Zs a singular subspace and M properly contains a line, then M
18 a projective space. |




111 denote the family of singular subspaces of rank 2 by V and call its

s planes.

{ 3.4. Axiom (P4) can be replaced by
(VS € )(Vx e P\SY(|x" n 8| > 1= (x' ns) e 1)

» (P4) = (P4)'., Let lxl nS| >1for Se S and x ¢ P\S. By the above
sition, x* n S is a singular subspace of S and hence of rank 1 or 2.
:ex' nS and Vv € S\(xl U zl). Apply (P4) to the point y and the line
:. Since yl n (xl ns)=@, as Sis a polarvspace and x* n S contains

:, we have y'L nit o= #. Moreover, u € yl n L would yield u € yl nzt;

5
u € S\{z} and x € uz, so x € S, which is absurd. Therefore yl nL=49g,
it yl n L' is a line contained in x* n S but not on z, It follows that

} is a plane.

= (P4)". Suppose x € P and L ¢ L are such that xtn L= ¢ and x- n 1t =2
;e y € L and consider S = S(x,y). Since <y,x'L ni'> is a singular sub-

L

of S of rank 2 1, it is a plane by (P4)'. It follows that x n 1t is

'y as wanted K.

3.5. If S 78 a symp and x,y € P\S are collinear, while x'nSelVand
v 2 @, then either yl ns E_xl n S or y'L nSel and x* n yl nsSisa

'ton.

Suppose z ¢ yl n S\ x". First of all we show that yl n S is a plane,
sx nSe V(S) and S is a polar space, z' nx' n S is a line in S.
thz' nx" n S and y are in the generalized quadrangle xt n zl, so
isuex nSwith {u} =x"nz'nsn yl. Since uz E_yl n S, Remark
plies that yl n S is a plane, Finally, X" n yl ns=z"nxt

!

n y‘L ns =

ARY 3.6. If S e Sand M e M satisfy |Mn S| > 1, then M n S € V(S).

For any w € M\S, we have wl n S € V(S) by Remark 3.4. If z,w ¢ M\S,
tas=wt n S by Lemma 3.5. If M c S, there is nothing to prove; so

1
: M\S # @. Taking z ¢ M\S, we get ztns=n wnS= N wons-=

weM\S weM




NnS=MnS. In particular, Mn S =21 n § « V(s). X

Let S be a symp. On the set of planes V(S) a gfaph (V(8),®) is defined
= VZ iff rk(VI n V2) =0 (VI’VZ € V(S). It is well known that wes),~
ither one or two connected components. In the latter case, each line is

ecisely two members of V(S),one of each connected component, and the

cted components are complete graphs.

LARY 3.7. Let S € S and tet K be a union of connected components of
s~) . Then

H(K,S) = U k'
KeK

subspace on S.

» As § = KgKK’ the subset H(K,S)lclearlylcontains S. We need only show
if x,y € P\S are collinear and x n S, ¥y n S e K, then any z ¢ xy is
ined in H(K,S). If x* n yl ns= xl n S, then clearly ztns =

5 ¢ K, so we are'done. Therefore, we may assume xl n y'L n S = {u} for
1 € P, Consequently, z ¢ P\S, Take v ¢ xl n S\{u} and w ¢ vl n yl n

1} (note that w exists because v,yl n S are in the polar space S). Now
Vv is a 4-circuit and z ¢ xy, so that there is z, e zt n vw. Note that
1, for otherwise v ¢ uw, whence v ¢ y'L n S conflicting v # u. Thus

SI > 1 as z U € zt n S, and we are done by Remark 3.4 and Lemma 3.5.R

3.8.(1) If M € M and x € P\M satisfy x' M= @, then x* n M ¢ L.

TMeMand L e L with rk(L n M) = 0, then there is a unique N ¢ M
wth M n N e L.

(1) Suppose z ¢ xT n M. Take y € M\xl and consider S = S(x,y). If
there is nothing to prove. Otherwise, M n S contains z and ¥y, SO

e V(S) by Corollary 3.6. It results that x- n M = x* n MnS) is a

y (1), L' 0 M is a line. Thus N = <L,Ll n M>1 is the unique max space
ning LwithMnNel K

otice that Lemma 3.8(ii) can be reformulated as (LX,MX) 18 a general-




quadrangle for each x € P.

3.9. The graph (V,®) defined by V1 B v, iff v, < Vzl and Vv, nv, e L

1°V9 € V Zs comnected. In particular, any plane V 18 contained in a

. Note that the subgraph induced on V(S) is connected for any S e S.

e V. By connectedness of (P,L), it suffices to prove that any plane
hVnW#2G@ is joined to X by a path in (V,g). Let W e U\{V} with

z ., Take v € V\W and w € W\V. If v ¢ wl, consider S(v,w). There are
s M,N inAS(v,w) such that <v,V n W> ¢ M and <w,VnW> < N. Now

n V)'> rk(V n W) and rk(N n W) > rk(U n W), so by induction we are

:d to the case where V E_WL. It suffices to treat the case where

e L.

Since symps exist we may assume V ¢ S for some S ¢ S. Let U be a plane
with V.n U =V n W, Again, take v € V\W, w € W\V and u ¢ U\V. Then

L and w e vl. If we ul, then w € u’ n v+ < S(u,v) = S, and W =
Vnw E_<ul n v%, Un V> c S. So we may assume w ¢ ut. But then W <

), finishing the proof of the Lemma. X

LARY 3.10. The graph (M,8) defined by M, R M, iff rk(Ml n MZ) =1, Zs
cted.

. Note that M, and M2 are adjacent in(M,®) iff there are planes V c M

1 1
E.M

9 with V g_wi and V n W ¢ L. Thus there is a surjective morphism
+ (M,®) of graphs given by V » vt (cf. Lemma 3.1 (iv)). The desired

t is therefore a consequence of the above lemma. K

FROM NOW ON WE ASSUME THAT THE LINES OF (P,L)
ARE THICK

. 3.11. The graph (L,~) defined by L ~L, iff rk(Ll n Lz) = 0 and

L.
L2, 18 connected.

. As before, the proof comes down to the case where L1 c L; and

n L2) = 0, But then <L1,L2> € I/, so the lemma results from the analo-
statement for polar spaces with thick lines. K




A3.12. Let LI’LZ € L. There is a bijection between
M(Ll) and M(Lz).

F. By connectedness of (L,~) as defined in Lemma 3.11, we need only

‘e the lemma for L;sL, € L with L1 f_Lzl and L]
LI\LZ and y € LZ\L] and let u:M(Ll) > M(Lz) be given by u(M) =

M n yl>l. It is not hard to verify that u is a bijection. K

n L2 is a point. Take

A 3.13. Let M,N € M satisfy rk(M n N) = 0. Then rk(M) = rk(N).

F. M n N = {u} for some u ¢ P. In view of 3.8, the map ¢:Lu(M) - Lu(N)
n by ¢(X) = X" n N is well defined. Moreover, it is an isomorphism of
ective spaces. Hence the result. K
Consider the graph (M,®) defined by M1 ~ M2 iff rk(M1 n MZ) = 0. The
e lemma states that the members of a connected component of (M,~) all
the same rank. Lemma 3.8(ii) and connectedness of (P,L) yield that
any line L and each connected component K of (M,®) there is a member
on L, The following lemma shows that in fact (M,X) cannot have more

two connected components.

A 3.14. Suppose a line is contained in at least three max spaces. Then

) is comnected. In particular, all max spaces have the same rank.

F. By Lemma 3.12, any line is contained in at least three max spaces.
M,N be two max spaces with M n N ¢ L. We claim the existence of K ¢ M

KnM=KnN a singleton.

In view of Corollary 3.10 it follows that (M,®) is connected. The last
ement is then a direct consequence of 3.13. To show the existence of K
escribed choose x e Mn Nand y ¢ (M n N)l\(M n N). Note that y exists
use of the assumption that M n N is in at least three members of M.
emma 3.9, <M n N,y> is contained in a symp, so there is z ¢ P with

<M n N,y> = <x,y>. Now K = <x,y,z>'L e Mand {x} cKnM= zt n (yl n M=

n (M nN) = {x} by Lemma 3.8. So K n M = {x}, Similarly, K n N = {x},
he claim holds. K v




3.15. If rk(M) = 2 for some M € M, then for any x ¢ P and L ¢ L we
L

01t 2 @, In particular, the diameter of (P,L) s 2.

. We may assume that x" n L= 0. By induction with respect to d(x,L),
ffices to prove the first statement in the case where d(x,L) = 2. Let
P be such that x € yl and z € yl n L, and take w € L\{z}. The hypo-

s implies that there is a max space N of rank 2 on yz. Since x* 0 N
L0 N are lines in N, they intersect in a point, say u. Since u € xt n
n N E'xl nw nzt=xtn Ll, we have shown x* n L' # § as wanted. N
LARY 3.16. If all max spaces have rank 2, then (P,L) Zs a polar space
nk 3.

.Let x ¢ Pand L ¢ L. We prove the Buekenhout-Shult axiom x~ n L # @.
se the contrary. Then, since the above lemma yields xt oLt o= @, axiom
implies that x" n L' is a line disjoint from L. Thus rk(<L,xl n Ll>) =

conflicting the hypothesis. K

3.17. If S € S and x € P satisfy LX c L(s), then (P,L) Zs a polar
of rank 3.

. We prove that P = S. In view of the connectedness of (P,L) it suffi-
o show that for any y ¢ xT all z e y'L are contained in S. Let y,z be
scribed. If z € xl\{x} we must have zx € L(S), so z € S. Suppose

L. Then S(x,z) is a symp on x. But since symps are geodesically closed,

the only symp on x. We obtain S(x,z) = S, and z ¢ S as wanted. M
PROPERTY OF CLASSICAL GENERALIZED QUADRANGLES

Throughout this section, (P,L) is a gemneralized quadrangle with thick
(P,L) called elassical whenever it occurs as the residue of a point in

legenerate polar space of rank 3 whose lines are thick. Since polar

s of this rank are classified [7] the list of all classical generalized
angles is known. The result is quoted in Theorem 4.1. For the duration
is section, we shall adopt terminology from [7], without recalling

efinitions. The aim of this section is to prove Proposition 4.2.




REM 4.1. (Buekenhout-Shult, Veldkamp, Tits). Let (P,L) be a classical

ralized quadrangle. Then (P,L) <s one of the following:
A polar space Q(w) of a projective space over a division ring F
where m is a polarity determined by a nondegenerate trace-valued
(0,e)~hermitian form of With index 2 for some antiautomorphism o of
F with 02 =1 and some € ¢ {1,-1}.
A polar space Q(x) of a projective space over a division ring F where
K 18 a projective pseudq-quad?atic form represented by a nondegenerate
o-quadratic form of Witt index 2 for some antiautomorphism o of F
with o> = 1.

) The dual of the generalized quadrangle Q(KO) in a projective space
over the field F defined in (ii) where Ko ©8 represented by the quad-

4

ratic form q: E x F' + F over F defined by

(XO’X] ’X23X3’X4) -+ N(XO) - X1X3 + X2X4

for E a Cayley division algebra over the field F and N:E + F the
quadratic norm form of this algebra.

{x,y}l for two noncollinear points x,y of A, ,(F).

3,2

A grid is by definition a generalized quadrangle in which each point is
-sely two lines. Clearly the generalized quadrangles in (iv) are grids.
:mma 4.5 we shall find all grids occurring in the list. But first, the
result of this section will be stated.

We recall that a family R of lines in (P,L) is called a spread in (P,L)
1e members of R partition P (i.e., P = UL and for any two distinct

[ L2 = ). LeR

A grid has precisely two spreads, they are also called the parallel

, € R we have L

tes of the grid. If LI’LZ are disjoint lines of (P,L) such that the

\ace <L1,L2> is a grid, then LILZ denotes the parallel class of the grid
1ining L1 and LZ'
ISITION 4.2. Let (P,L) be a nondegenerate generalized quadrangle with

. lines which is either finite or classical. Suppose it admits a spread
which for any two distinct LisL, € R the subspace <L
he family L,L

125> 18 a grid
9 18 contained in R such that
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JiLZILl;LZ € R;L1 # Lz}) 18 a projective space. Then the rank of R as
jective space is 1 and (P,L) is a grid.

The remainder of this section is devoted to the proof of this proposi-
. Thus, from now on until the end of this section we assume that R is
ead of the generalized quadrangle (P,L). In the next lemma, the finite

is dealt with by a straightforward computational argument.
\ 4.3, If (P,L) ©Zs finite; then rk(R) =1,

's Suppose rk(R) > 1. Then (P,L) is not a grid. In particular, it is

a regular generalized quadrangle, i.e. there is a constant number, say
of lines through each point, and a constant number of points, say l+s,
ich line. By well-known theory [3], we have t < sz. On the other hand,

= |R] = Efgéfﬂ— if the rank of R is m. It follows that t = l+s (and

')« A straightforward computation on multiplicities of eigenvalues of
\djacency matrix of the collinearity graph (cf. [3]) leads to integrality
.tions which are only satisfied if s = 1, But this is excluded by the

rement that the lines be thick. X

The assumption that lines are thick is necessary, since the regular
ete bipartite graph on 6 points provides a counterexample,

The classical case depends on the classification of classical general-
quadrangles as stated in Theorem 4.1. If (P,L) is as in (iv) of this

‘em, there is nothing to prove.

4.4, (P,L) Zs not isomorphic to a generalized quadrangle as described
1 (iii).

o+ If (P,L) satisfies (iii) of 4.1, then the dual of <L ,L.> is a bi-

1°72
te graph in the dual of (P,L). On the other hand, according to 10,7 of
the dual of <L>L,> is the dual of (P,L) itself, This yields the ab-

ty that Q(KO) of 4.1 (iii) is a bipartite graph. K

If X is a subset of a projective space we denote by [X] the projective

ace of this projective space spanned by X.




A 4,5, Let F be a division ring, let o be an antiautomorphism of F such

02 = 1 and let € € {1,-1}. Suppose t is either a polarity w determined
nondegenerate trace valued (o,e)-hermitian form f of Witt index 2 or
>jective pseudo-quadratic form k represented by a nondegemerate o-quad-
: form q of Witt index 2. If L,»L, are lines of Q(&) with LyniL, = 1)
that <L;»L,> is a grid, then 6 = 1 and (Zf € = 7) € = 1. Thus, F is a
l. Furthermore, <Ly U L,> = [Ll U L2] n Q(g) unless £ = m and F has

ieteristic 2.

7. Take distinct points e seq in L1 and eyse, in L2 such that {ez} =
nL,and {e,} =e, " n L, Put F = {t-t%|t ¢ F}. As in 8.10 of
2 4 1 2 O,€

choose EI’EZ’E3’E4’ points of the vector space underlying the projec—

L |

space in which Q(£) is defined, such that E, represents e; (i.e. such

the ray through Ei is e for i = 1,2,3,4) and such that
3 3 o o o} o}

FCL Egxgs LOEyy) = x0yy +oexy)yy + 0y, +ex, %y, if £ =n
i=1 i=1
3 o o}

q(izl Eixi) =X %, + Xy X, + Fc,e if £ =

:ake a € Fo,e (where € = 1 if £ = k), Then the calculation performed in
of [7] shows that the projective point p(a) represented by (1,a,0,0)

le basis E]’EZ’EB’E4 is in <L1,L2>. But p(a) is collinear with both

d e, and hence in {e],ez} as <L1,L2> is a grid. It follows that a = 0,
‘he conclusion is that Fo,e = {0}.

If ¢ = -1, this reads t + t% = 0 for all t ¢ F, so that F has charac-

itic 2 and € = 1,

It results that e = 1 and t - t° = 0 for all t € F, whence o = 1,

: 0 is an anti-automorphism, F must be commutative and therefore a

The final statement of the lemma now results from (8.10) of [7]. K

. 4.6. Let F be a field and let g be either a polarity w determined by
degenerate symmetric form f of Witt index 2 or a projective quadratic

Kk represented by a nondegenerate quadratic form q of Witt index 2.
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se Ll,Lé,L3 are distinct lines of Q(E) such that for each i e {1,2,3}

ubspace <L; U L. of Q&) Zs a grid and L, n<L,_, U L;y> = )
ces modulo 3). Then there are lines Nl € L1L2\{L],L2} and N2 €
{LI’LS} such that if <N, U N,> s a grid, the intersection

n L2L3 does not contain a line of Q(&) which is disjoint with L.
. Let e1s€pse35e, and E]’EZ’ES’E4 be as in the PIOOf of 4.5, Thus
€ LI; e] z es3 e)se, € L2 and e € e, ey € &3 s furthermore the

r Ei represents e. for i = 1,2,3,4 and

4 4
f(i-_zl Elxi’izl Ei¥i) = %Yy ¥ X5y * xgy, v xyy  if E=w
4
q(iZl Eixi) = XX, + XX, ifg=n1
1 . Ty = 1 1 . = L N
take eg € Ly with {eS} e] n L, and eg € e e; with {es} ey n e eg.
. . . ' . .
2 € <Ll u L3> so there is a line L3 € R on e5 contained in <L] U L3>.

e, # ey, we may replace L3 by Lé without harming generality, so as to

1ecee ne n L,. Let e, € L, be such that {e6} = et n L, and let

1 2 3 6 3 3 3
Ly be such that {ez} = eg n Ly. The projective space A = [L1 UL, u L3]

ank 3, 4 or 5.

2

set us first consider the case where rk(A) = 5, If £ = 7, then char(F) =

w

otherwise the Witt index would be strictly larger than 2. So we may

w

4
such that EZ = E4 + EZY (note that ez z ez). It is easily derived that

that £ = k. Consider qI[L UL.]" Let vy € F and E] a vector representing
1773

are vectors ES’ E6 representing egs € such that
q(sz2 + E4x4 + E5x5 + E6x6) = XX + X, Xg + YR, X
lering q » we obtain a,B ¢ F\{0} such that
| [z uL,]

q(Elxl + E3x3 + E5x5 + E6x6) = 0X X + 8x3x5. (xi e F).

>regoing restrictions describe qIA fully:




.6
Q(iZIEiXi> T OEp Xy T OEgE, T XpXg f X Xg o ax X+ Bxgxg +oyx X, (X;€F)
Let nl(nz,n3,n4 resp.) be the point of Q(k) n A whose homogeneous co-
1ates with respect to EI’EZ""’E6 are (1,90,0,0,1,0) ((0,0,~0,,0,0,B),
,0,1,0,0,), (0,-1,1,0,0,0) resp.). Then N, = n.n

1 1By 18 a line of L1L3
12 = n3n4 1s a line of LILZ'
Note that N, nN, = @ as LL, n LL, = {L]}. Now suppose <N, U N,>

grid with {N} = NN, n L2L3 for a line N of Q(k). Then clearly

J],Nz. Moreover e e is a line of <L, U L3> not parallel to L,, so

2
nN=@. But a point of N\<L] u L2> has homogeneous coordinates of the

v + Au for X ¢ F, where v = (¢,0,-0,0,2,8) and u = (1,-n,n,1,0,0) for
: F are homogeneous coordinates of a point in NI’NZ respectively. Thus

NN =#¢@ implies the existence of z,n,A,u,v € F such that
(1 + Ag,—nyn-Aa,1,Az,A8) = (0,u,0,0,v,0)

:quation leads to a classical contradiction in the fourth coordinate.
proves the lemma in the case where rk(A) = 5,

, assume that rk(A) < 4. Then L3 n [LIULZJ so L3 n ([LIUL2] n Q(E)\<L]U
# (. According to Lemma 4.3, this implies that F has characteristic

l that & = 7., In particular, 7 is a symplectic form.

:(A) = 4, then m is degenerate and has a kernel consisting of a single

lective) point z. Clearly z ¢ A n Q(£), so we may consider the quotient

:] so as to reduce the proof to the case where rk(A) = 3.

Thus, for the rest of the proof, we have that F has characteristic 2,

rk(A) = 3 and that £ = m is a polarity determined by the symplectic

whose restriction to A is given by

4
f(izl Bi%is izl Bi¥;) = %Yy * XYy *oxgy, *oxyg (xpuy; € F)
raightforward computation using eg € {el,ez}l yields the existence of
"\{0} such that E5 given by (0,0,a,1) on the basis El’ E2’ E3, E4 re-

nts e_..
5

e € {e3,e5}l leads to the existence of B8 € F\{0} such that the vector

ven by (1,8,0,0) on the same basis, represents ege
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et nl(riz,n3,n4 resp.) be the point of Q(w) whose homogeneous coordin-—

with respect to EI’EZ’E3’E4 are (1,0,0,1)((1,8,8,0),(1,0,0,1),

1,0) resp.). Then N1 = nn, is a line in L1L3 and N2 = ngn, is a line
L2. Now <N1 u N2> is a grid. Put N = <N1 u N2> n <L2 U L3>. Let x,y
e point of Q(w) whose homogeneous coordinates with respect to
,E3,E4 are
(0,a,a,1) if a =B
X =
2 .
(0, (z+1)a,za,z) where ¢° = a(a+B), if a = B
2 2
Y= (a,0B,0,a + nB), where n° = a(a+B)/B

ctively. Then x,y are distinct collinear points of N and XnB2 + Y(o+nB) =
+na6,0,a28,0) (= Xa2+Ya if o = B) represents a point of xy on L
It follows that {xy} = N

l.
1N2 n L2L3, so that N]N2 n L2L3 does not con-

a line of Q(w) which is disjoint with Ll' This settles the lemma. K

The classical case of Proposition 4.2 is dealt with by the following

®

4,7. If (P,L) s classical, then rk(R) = 1.

o In view of 4.4 and the observation, made before, that (P,L) is a
in case (iv) of 4.1, we need only consider cases (i) and (ii). Let

be two lines from R. Then L., n L, = @ and <L, U L,> is a grid, so by

1
4,5 we may assume that (P,L) = Q(&) for &£ as described in the hypotheses
mma 4.6, Suppose we have L3 € R\L]LZ. Then Li n Li+l = @ and

Li+1> = @ for each i ¢ {1,2,3} (indices taken modulo 3). By Lemma 4.6,
er, there are N, e L1L2\{L1,L2} and N, € L]L3\{LI,L3} such that

n L2L3 does not contain a member of R. This means that Pasch's axiom is
atisfied, contradicting that (R’{LILZILI’LZ € R;L1 z Lz}) is a projec-

space. The conclusion is that R =L LZ’ in other words, that rk(R) = 1. K

1




IE POINT RESIDUE OF A GRASSMANN SPACE

We continue the study of Grassmann spaces. In this section (P,L) is a

:cted Grassmann space whose lines are thick. Furthermore, = is a fixed

: of P and Pm,Lw,Sw,Moo stand for Lm,Lw(Vm),Lm(Sm),Lm(Mm) respectively.

wer, if Ve V_, then V" denotes L_(V). Similarly for members of L,S

[

It is straightforward to check that (Pm,Lw) is a connected incidence

m of diameter 2 satisfyiﬁg axioms (P1) and (P2). By 3.1, the members of

‘e maximal singular subspaces of (Pm,Lw) isomorphic to projective spaces

£ the form L' for any line L contained in them., Moreover, (Pm,Mm) is

eralized quadrangle by the remark following 3.8, which is easily seen

: nondegenerate. Members of S lead to generalized quadrangles in (Pm,Lm).

all call them quads. Any two noncollinear points are in a unique quad.
if S e S” and x « Pm—S, then x* n S is either empty or a line of

°°). This is immediate from (P4)’'.

We recall from 3.7 that for S ¢ S and M ¢ M, the subset

zZ € M\Slzl n S eV} is denoted by H(V(S),S). We shall also write H(S)
ad of H(V(S),S).

5.1. Suppose there are M e M and S € S with M n S = {=}, Then M n H(S)
subspace of M of rank at most 2.

+ Set V=M n H(S). It follows from 3.7 that V is a subspace of M.
1 that Mm,Sm,VDo denote the subspaces of (Pm,Lw) induced by M,S,V
ctively. Let R be the subfamily of L” whose members occur as z- n s
ome z € Vw. Then R is a spread of the quad Sm, for any two members

are disjoint (in Pm) by 3.5 and if x € Sw, then x= n M” = {y} for some
® by Lemma 3.8(i), whence y'L n 8" is a member of R on X. Now let L be
e of (Pw,Lw) in V°. Then U = ng x'ns” is a grid in s”. For suppose
are x,,y, € U with X € yll\{yl}. Then there are unique x,y ¢ L with

L

x~ n 8% and v, € y'L n s . If Z] € XY)s then either x = y and z, €

1
ns orx = y. In the latter case XYY 9% is a 4-circuit, so there

€ Xy with z, € z- ns”. So U is a subspace. Proceeding with x # y, we
hat XY, and x° n S~ are the only two lines on X, in U, so U is indeed a

. © . 3 . 3 3
in S . Moreover, one parallel class of lines in U is entirely contain-
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‘R. Denoting by L]L2 for LI’LZ € R the parallel class of lines in

9> belonging to R, we obtain a surjective morphism
(o] (o] o
w:(V ,L (V)) > (R,{L1L2|L1L2 € R;L; # L,})

ojective spaces given by u(x) = x" ns” (x e V). If X 9%y € v satisfy
s” = le n Sm, then N = <x1,x2,x1l ns>isa singular subspace with
nN) = rk(<x], 1

n N) < 0. It results that rk(<x],x2>) =0, i.e. x

x2>).Since NnsS =x"ns" = #, we have M = N, whence

1= %ge This shows
4 1s bijective, so that rk(V) = rk(Vw)+] = rk(R)+1 < 2 by Proposition

X

5.2, Suppose M ¢ M~ and S,T ¢ S~ satisfy SnT==@%, Mn S z @ and
# 0. Then M n S n T = @,

clet x e SnTand ueMnS, weMnT, If x € Mor u = w, we are
So assume x ¢ M and u # w., Now x € Wl would imply w e ul n xl cSs if

Land x (uw)L = M otherwise; similarly x ¢ v’ can be settled. Assume

L . . . .
U w . Then there is a unique point y in x" n M. We have y € {x,u}l n

ot c8SnT,soyeMnSnT X

5.3, Assume that for any M e M and S e Sm; we have M n S = P, Then
L and |S”| = 1, so that (P,L) is a polar space of rank 3.

. Fix x e P, Suppose S,T are distinct quads on x., Write L = S n T.

111 first show that L is a line. Indeed, it is a singular subspace on
L is either a point or a line. Choose M ¢ M~ not on x. By Lemma 5,2,
must be a point y in M n S n T, so that xy < L, It follows that L = xy
line. If N ¢ M~ is disjoint form Ll, we get a contradiction with

= @. Since such N exist, it follows that S is the only quad on x.
'ore, S contains all points in P° noncollinear with x. But for each

zZ € xl\{x}, there is a point u € zl\xl, so that z € x" n u* < 8. This
that P~ = S, Thus the maximal cliques are members of Lm, ice. M = L=,
y, by Lemma 3.17, the Grassmann space (P,L) must be a polar space of

O




5.4, If rk(MO) = 2 for some M0 e M, then x" 0 Mz @ for any x € P ana
e M of rank > 2.

~ Suppose M € M is of rank > 2 and x ¢ P\M, In view of the connected-

f (P,L), we may restrict attention to the case where there are z e P
€ M such that z ¢ x n yl. As y € zt M, we have z* n M e L by Lemma
. If xt nL=#@, we are done. So assume x* nL=@, Nowz e x* n Ll,
nttel by (P4), so <" n Ll,L> is a projective space of rank 3 on

. M is the unique space én L of rank > 2 by 3.13 and 3.14, so z € xT n

. . L . .
[; in particular z € X~ n M, terminating the proof, X

5.5. Suppose rk(MO) = 2 for some M, € M. If both MM, € M have vank
then [M1 n M2| =1,

We only need to establish M, oM, # @ in view of 3.14. Suppose
& = (. Take x € Ml' By the previous lemma and Lemma 3.8 (i), L =

M2 is a line. Take v,w ¢ L with v # w and consider B = v© n M] and

n Ml' If B = C, then <B,L> is a projective space of rank 3 on L so
tained in M,, which conflicts M1 n M2 = . Thus B # C. Now B C are
on x in Ml’ so rk(<B,C>) = 2 and there is y ¢ M \<B,C>. But y nL=¢
: yl nitt el as x € A by (P4). Consequently, <A,L> has rank 3 and

ns L, so is in M,. It results that A is in M,, whence x e M n MZ' X

ARY 5.6. Suppose there are Ml’ 9 € M with rk(M ) = 2 and rk(M ) =m>.
(M~ resp.) be the comnected component of (M, ~) whose members have

(2 resp.). Then (M PM ), where PM+ = {M |x € P}, <5 a projective

of rank m+l1 such that the points and Zznes of (P,L) correspond to the

and pencils of (M P ) respectively. In other words, (P,L) is iso-

e to Am+l,2(F) for some division ring F.

We verify Tallini's axioms in [6]. First of all, it is obvious that
e is a maximal singular subspace.

Any two members of M* meet in exactly one point.

This is the content of Lemma 5.5.

If Me M and M, € M~ then M n M, is either empty or a line.

This follows from Lemmas 3.13 and 3.1 (iv).
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For any line L there is exactly one M ¢ M' and one M, € M~ such that
L=Mn Ml'
This results from the remarks preceding Lemma 3.14,

orollary now follows from Proposition I .in [6].

Instead of referring to [6], a direct proof could have been given, but

would have lengthened the paper by another few pages.

5.7. Assume that each line is in at least three max spaces. If M n S
vty for M e M and S € S*, then {x ¢ Mlxi nS e L} contains a sub-
which is a projective plane.

. Take x € S. It has a unique neighbor y in M. As Ll = y'L n S contains
must be a line on x. Let L be another line in S on x, and take X, €
x}. There is ¥y € le n Ml' Note that y = Yy for yl n S is a clique and
L]l. Write L2 = y2'L n Sl' This is a line disjoint from Ll(cf. 3.5).

se L is a third line on x, not in Ll'L u L'L (such a line exists by
ption). Take w ¢ Ll\{x}. If w ¢ S, then WS n S contains X, SO must

line in S distinct from L1 and L. Therefore there is a point

x* n S\(LIUL). Again, take vy € x3l n M and consider y3l n S. It is

e on X not in <L1,L2>. Thus Y3 ¢ vy, and <Y5¥,5¥3> € V is the subspace

e desired kind. M

LARY 5.8. Each line of (P,L) is in precisely two max spaces, unless

28 a polar space of rank 3.

. Suppose there is a line in strictly more than two max spaces. Let
and M € M satisfy M n S = {«»} and consider V = M n H(S) (cf. 3.7 and
By 5.1, rk(V) < 2 and by 5.7, rk(V) = 3, contradiction. It results
the conditions of Lemma 5.3 are satisfied, so that (P,L) is a polar
of rank 3. X

We summarize the results obtained in this section.

SITION 5.9. Let (P,L) be a connected Grassmann space with thick lines.

2 (P,L) s not Zsomorphic to a polar space (of rank 3) or A.n 2(F) for
3
a 2 4 and some division ring F. Then for each point x € P, the residue




) s a grid. In particular, each line is in precisely two max spaces.

er, the rank of any max space is > 2.
JPERSTEIN'S THEOREM A.

‘hroughout this section, (P,L) <s a comnected Grassmann space whose
are thick such that any line is in precisely two max spaces, each of
f rank > 2. We fix a point « of P and maintain the notation of Sectio

:erning residues on «,

6.1. Let M,N € M and S ¢ S.

fMnS=@, NnS=#PandMnN=@, then Mn N n S <s a singular
ubspace. »

fMnS, NnSelVand rk(MnNnS) =0, then M? N.

1
Both (i) and (ii) follow from the fact that x n S is a singular

ce for any x ¢ P\S. X

le supply the éraph (M,®) with the natural family of lines that turns
» a Gamma space whose collinearity graph is (M,%¥). To'avoid confusion,
1ote by M for M € M (rather than mt which has a distinct interpreta-

the set of vertices in (M,x) of distance at most 1 to M, For M,.M. e

1272
L = M, the Line MIMZ is defined by MIMZ = {MI,MZ}TT. A priori, it is
.ear that this turns M into a linear incidence system, but it will
7 from 6.3 that it is, By C we denote the family of all such lines, i.

C = {M1M2|M1,M e M, M, ® M},

2 1 2

'd some more notation. For x ¢ P, Le L, Ve VV and M ¢ M with
c V c M, denote by p(L,M) the unique member of M containing L and
ict from M. Furthermore, put £(x,V) = {p(Ll,VJ')|Ll € L(V)x},
= @' L' ¢ Lo} and
We VX; Wn p(L",Vl) e L

n(x,V) = {p(L',Wl) .
for each L" ¢ L(V)x; L' € L(W)
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.2. Two distinct max spaces M, M, are of distance 2 in (M,=) Zff
= @ and there is M ¢ M with M n M, MM, e L. In particular,

18 not complete.

Suppose M, ;N M, = @, for if

T

€ L then {M],Mz} = @ by 3.8(ii). Let H € {M],MZ}T. There are x; € P
_ . . o1 _o 1

nM, o= {Xi} for i = 1,2, Consider L x,” nM; and L, = x,” n M,. By

1
know Li e L. Now <x1,x2,Li>l (i =1,2) and H are three max spaces on

M, are of distance 2 in (M,®). Then M

while H differs from the first two as it intersects M1 and M2 in a

So M = <x1,x2,L L2> is a max space with M n Mi = Li'
onversely, let M be a max space with M n Mi € L for i = 1,2 and suppose
2 = @, Take x; € Mn Mi and consider d = p(xlxz,M). By 3.8, Hn Mi =
o that H ¢ {MI’MZ}T' Thus MI’MZ have distance < 23 in fact their

ce is =2 2 as M, n M, = #. This establishes that M

1 M2 are of distance

]’
inally, let M € M and let Li»L, € L be disjoint lines (they exist as
> 3). Then p(Ll,M) and p(Lz,M) are not joined as they have distance 2

above criterion. X

6.3. Suppose Ml’
= {o} and V n M, VoM, e L. Then {MI’MZ}T =m u n, where

V) and n = n(=,V) are maximal cliques in (M,®) with m n n = £(=,V).

M, € M satisfy M, ¥ M,. Let V e V_ be such that

2
er, 1f for Y e m and Y' € n we have Y ® Y', then at least one of
s in L(=,V). In particular, M M, = L(=,V).

Clearly £(»,V) = £(»,V') for any V' ¢ V_ with V' n M., V' n M, € L,

s
and V'" are parallel lines of a grid in (Pw,Lm) on thé 4-circuit
M), (Vn Ml)°°, (V n M2)°°, (V' a M),

et us now determine {MI’M 3. By Lemma 6.2, any two distinct members
of m satisfy X n X' = {«}, som is a cllque contained in {M M, 3.

f M e n, there are W ¢ V with W n p(L \Y ) € L for each L' ¢ L(V)

€ L with L = M n W. Note that Mi N We L since (Wl) is parallel to
in (Pm,Mw). As £(»,V) = L(«,W), we may replace W by V without loss of
lity., If M € m, we have M ¢ £(~,V) as before. Assume « ¢ L, and let

»2}. Since V n Mi and L are lines in V, there is a point X, € V such




{Xi} =Ln Mi' It follows by 3.8(ii) that M n Mi = {Xi} (note that M

L meet in xxi). Thus M ¢ {MI’MZ}T'

So far, we have shown m U n E-{MI’M2}° The converse is straightforward:
member M of {MI’MZ}T is in m whenever M n M1 = {o} and in m otherwise.
s now consider m n n, The inclusion £(«,V) € mnn is obvious. To

the opposite inclusion, let M € m n n. Since M ¢ n, there is W « vV,

L' < Wand Wn M, € L for i = 1,2 with M = p(L',WL), so that M n W=1L1";
e Mas Mem, so e L' and M € £(=,W). By the first paragraph of this
» this is equivalent to M € £(~,V), This proves m n n = £(=,V). Next,
emand Y' € n\l(~,V) with Y ® Y', Write L = Y n V* and let X,5,59,

zh that {x} =Y n Y', Y' n M, = {yl}, Y' n M, = {yz}. Then {x,yl,yz}
zlique (in Y'). Note that y; # y, as Y' ¢ £(o,V). If x ¢ ¥,Y9» then
»Yo> € V and <x,y1,y2>'L = Y!, But L E_<y],y2,x>L, so L ¢ Y' contradict—

1at Y n Y' is a singleton. Hence x ¢ Y,¥9s SO that L = ox is in V and
(»,V). This establishes the one but last claim of the lemma., The last
>llows directly. M

WARY 6.4, (M,C) Zs a Gamma space with thick lines, where
2(x,V)|x € P, V ¢ Vx}. '

It follows from the previous lemma that (M,C) is a Gamma space and
‘he definition of C coincides with the one given in the text preceding
‘hickness of the lines is a consequence of the bijection L -+ £(x,V)

xed L ¢ L(V) with x ¢ L given by y > p(xy,Vl) (yel) KW

.5. If X]’XZ e M are of distance 2 in (M,C), then {Xl’XZ}T i8 a grid.

. Note that X] nx,= $ and there is H € M with Li =Hn Xi e L for

. T . .
. e {1,2}, We claim that any Y € {XI’XZ} meets X, in a point of L;.
'ty € XI\L]° Then y]'L n L2 = (0 as otherwise yll n K would contain

‘han the line L leading to y; € K and K = Xl’ conflicting X1 nx,= @,
"hus L1 = yll n L2'L by (P4), so that yll nx,= § whence X1 n X2 z 0,

is absurd. We conclude that yl'L n X2 = @, so that no max space on Y,

X2T. This implies that any Y € {XI’XZ}T meets X, in a point of L

1 1°
irly the claim is proved for i = 2, The claim yields the following

.ption of the subspace under study:
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{X],xz}-T = (@KL e L), LaL =8, LnL, =g},

The lines in {X],Xz}T are of the form Z(x,<x,Li>) for x € Lj’ where
{i,j} = {1,2}.

In particular, {XI’XZ}T is isomorphic to the geometry on the lines
intersecting two given lines LI’LZ in a projective space of rank 3, in
which two members are collinear whenever they intersect. This geometry is

well known and easily checked to be that of a grid (cf. Section 4). R

LEMMA 6.6. Suppose £ ¢ C and M € M satisfy M nL=0adM all = @. Then
T T
M nk e C,

PROOF. It suffices to show that M n £ contains at least two points,

Let x € P and V ¢ Vx be such that £ = £(x,V). Suppose H ¢ M n KT.
Then by Lemma 6.3 we have H € m U n, where m = m(x,Vl) and n = n(x,V).
Let y € P be such that H n M = {y}. Suppose H € m., Then x ¢ H. Write
L= x'L n M. This is a line on y, so W = <x,L> is a plane. Take L' ¢ L(W)
with y ¢ L', then p(L' W ) is a member of M' n £' distinct from H.

Suppose H € n\m. Then d(x,y) = 2, Consider S = S(x,y) Note that
yl nV is a line of x* n yl. Let L be a line of x' n y parallel (and dis-

tinct) to y‘L n V, and define H' = <y,L>l. Then H' = p(L',<x,L'> ) € n so

H' ¢ M nn E_MT nL'. As H' 2 H, we are done. K

COROLLARY 6.7. (M,C) Zs a Grassmann space with thick lines.

PROOF. Axiom (P1) is proved in 6.4 (where it is also stated that lines are
thick), (P2) in 6.2, (P3) in 6.5 and (P4) in 6.6. X

LEMMA 6.8, Take M € M_ of rank i. Then m(»,M) s a projective space in
M,C) of rank i-1. If V € V_ is such that V. n M e L, then n(=,V) is a

projective space of rank i+l.

PROOF., Write m = m(<,M) and n = n(~,V), By Corollary 3.3, both m and n are
projective spaces. By construction of m, there is a bijective map WM > m
given by u(L”) = p(L,M) for L e L . Given L' ¢ V_ with V' c M, we have that
w{{L e L_|LcV'}) = {p(L, (V')l)IL < V'} = £(»,V'), so that p maps lines

of (P L ) in M onto lines of M,C) in m. As rk(M ) = 1, this shows that
rk(m) = i-1,
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l,
Furthermore let Hi be a hyperspace of Mi disjoint from =, Given x

Next, consider n. Choose L L, € L(v)  distinct and write Mi = p(Li,Vl)

e H

1 1’

the line xll n M2 on « intersects H2 in a point xz.'

This leads to a map wzﬁl + n given by w(xl) = p(xlxz, <w,x]x2>l). This
nap is easily seen to be injective. Moreover, if L
w(Ll) is a line of (M,C).

Let L2 = ngl x'L n H2 and take X5V, € Ll’ X,
unique X)s¥y € L2 collinear wiFh X15Y, respectively, Consider the generaliz-

1 is a line of H,, then

# Yy Then there are

ed quadrangle xll n yzl. It contains the lines X, and ®y > SO there is a
point «' ¢ x]l n yzl n le n yll\{m}. Now w(Ll) = E(w',<W',L]>) is a line
in N.

As a consequence, w(HI) is a singular subspace of n of rank i-1 (note
that Ml is of rank i). But £(»,V) is a line of n completely disjoint from
w(Hl). We conclude that rk n 2> i+l. We finish by showing that any member N
of n is on a line in (M,C) from a member of £(=,V) to a member of w(Hl).
By analogous arguments to what we have seen before, we are easily led to
the case where N = p(ylyz,V) for distinct v; in N n M]\{w} (i = 1,2). Let
x; € N n Hi’ so that X, ® =y, If X, =y, and X, =9, then N « w(Hl), so
we may assume that XXy # ¥|V,e Since both lines are in V, there is z ¢ V
with XXy, 0y, = {z}, Now N = p(ylyz,V) is on the line £(z,V) which has
member p(»z,v) in £(~,V) and member P(XIXZ’V) in q)(Hl)0

We conclude that n is spanned by £(~,V) and q)(Hl)o Thus rk(n) < i+l,
and equality holds. K

Before stating the main theorem, we recall the notion of quotient., The
quotient of the incidence system A = (PI’LI) by the group G of automorphisms
of A is meant to be the incidence system A/G whose point set is PI/G =

{XG[x € Pl}, the set of orbits of G in P, and whose family of lines is

1
LI/G = {LGIL € Ll}, where 1C = {xG|x € L} for L ¢ L]o Note that this quotien

. . .. . G
1s again an 1lncidence system if L f_x for each x ¢ P, L ¢ L,

THEOREM 6.9. Let (P,L) be a comnected Grassmann space with thick lines,

whose max spaces have finite ranks. Then one of the following holds:

(i) (P,L) s a nondegenerate polar space of rank 3 with thick lines.
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(P,L) = Aa,d(F) for some a = 4, d < (a+1)/2 and some division ring F.
There is a natural number d > 5, a division ring F and an involutory
automorphism o of A = A2d-1,d(F)’ interchanging the conmected compon—
ents of the graph (M,¥) on the max spaces, with d(x,x°) = 5 for all
points x of A such that (P,L) = A/<o>.

By 3.13 and 3.14, rk(M) for M € M attains at most two values. Let d
: minimal of these and let b be the other one if it exists, let b =d
rise, The proof runs by induction on d. The case d = 2 has been settled
position 5.9.
.ssume d > 2, and suppose (P,L) is not a polar space of rank 3. By 5.9
e that each line is in exactly two max spaces. By 6.7 and 6.8, there
onnected component M of (M,~) such that the induced subgraph

is the collinearity graph of the connected Grassmann space (M+,C+)

" =1L ¢ cle n M = @}, whose max spaces have ranks d-1, b+1., The

ion hypothesis then yields that (ii) occurs, so that (M+,C+) =

(F) for some division ring F. Now A (F) can be thought

»=1,d-1 d+b-1,d
the incidence system obtained from Ad+b—1 d—l(F) by taking the max
b
5 of rank d-1 from one connected component under = in A (F) for

d+b-1,d-1
and the relation = (i.e. M ® N iff M n N meet in a point) for collin-

V7]

7. Remember that this determines A as any Grassmann space is

d+b-1,d
nined by its collinearity graph (cf. 3.1).
et (P',L') be the incidence system that can be obtained from (M+,C+)

st the way A (F) (note that this

$+b:1,d(F) is obtained from A
sense as (M",C") E Ad+b—1,d—1(F))‘

If m ¢ P', then m is a projective space in (M,C) of rank d-1, so

d+b-1,d~-1

(x,M) for a unique x ¢ P and some M ¢ M\m., Thus there is a map

> P sending m ¢ P' to the unique x ¢ P for which there is M ¢ M\m with
(x,M). This map is clearly surjective and is either 2:1 or 1:1 accord-

s M =M or not, i.e., according as (M,~) has one or two connected

1ents. We claim that y is a morphism of graphs. For if m,n are collinear
',L'), the points u(m) and u(n) are both contained in the max space
which m n n = {M}. Consequently, u(m) and pu(n) are collinear in (P,L).

. N~y s . o vy o
if (M,®) is disconnected, we have (P,L) (P',LY) Ad+b—l,d(F)'




set from now on (M,™) be connected. Now p is a surjective 2:1 morphism,

>=d in view of 3.13 and 3.14 so (P',L") AZd—l d(F) for some d > 3,
3

EY

>m e P', We shall show that u is bijective when restricted to the
>orhood m™ of m in (P',L"). Let x,y be distinct collinear points of P
ippose u(m) = x and let m,,m, € P' both be collinear with m and such
1(m)) = u(my) =y.

\s before, we may assume that m = m(x,M) for M ¢ M with Xy € M. Simi-
we may take Mi e M with xy S-Mi such that m, = m(y,Mi), for each
'»2}. Suppose now that M] # MZ' Since each of M,M], M2 contains xy,
.lows that M coincides with M] or MZ' Without loss of generality we
ssume that M = Ml’ Since m, is collinear with m, there is Y ¢ M such

e m(x,M) n m(y,Mz). This means that M n Y is a line on x and

'is a line on y. Thus Y contains xy, so either Y = M or Y = Mz. But

conflicts M n Y e L and Y = M2 conflicts M2 NY e L, It results that

[2, so that m, = p(y,Ml) = p(y,MZ) = m,. We have established that the
ction of p to the members of P' collinear with a given point is in-
e,

lur next step is to show that the restriction of p to the subset m~ of
members collinear with m is an isomorphism of graphs. Thus for m ,m, €
m} collinear with m such that X, = u(m]), X, = u(mz) are collinear in

have to derive that m, is collinear with m, in (P',L'), Let V =

2
%95 where x = u(m).

ince m ~ m,, there are X, emn m, for 1 = 1,2, Thus X contains XX o

~

9 ~ X2. It follows that V

lane. Since V n Xi = XX, € L, we have m, = m(xi,Vl) so that

€ XX,, then X, nX,=xx, ¢ L, conflicting X,

,Vl) € my N my, whence m, ~ m

ext, define o:(P',L") » 1P',L%) to be the unique map such that

m)) = {m,mo} for each m ¢ P', Clearly, ¢ is an involution. Also, o
automorphism of (P',L'). For if m ~ n for m,n € P', then p(m) ~ u(n)

+ n° since u is bijective on ml. But then m° ~ n° since u is bijective

)l. So indeed, o is an automorphism of (P',L') and d(m,m°) > 3 for any

1

ut if there is m ¢ P' with d(m,mc) = 3, then there are m ,m, € P

2
(9) (o} g o . . . .
~mp Y m, ~Ym, SO that m ~ m, ~m ~m. Since p 1s an isomorphism

subgraph induced on ml, and {u(ml),u(mz),u(m)} is a clique, this
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s that ml ~ mzc. This is in contradiction with m; ~ m,.

We have shown that d(m,mo) > 4 for any m € P', Suppose d(m,mc) = 4 for
m € P', Then there is a minimal path m ~ m, ~ m2 ~mg m’ with m, € P
1,2,3), so that m, € o n mzL and m30 e m n (m 0)'L. This leads to two
cted components u(m+ n mzl) and u(ml n (mzc)l) ]'.nv'u(m)“L n u(mz)l. In-
if there are n, e ot n mzl and“n2 € ml n (mzo)l) with u(n])ﬁdu(nz),then
n, as m;,n, € ml, so my, ~ n, ~mn, ~ m20 is a path of length 3 contra-
ng d(mz,mzc) > 4), But this contradicts the fact that u(m)l n u(mz)l
nnected (as it is a generalized quadrangle by assumption). We conclude
i(m,mo) 2 5 for all m ¢ P', Finally, since (P',L') = A2d—l,d(F) has

ter d, the existence of ¢ implies that d > 5. This ends the proof of

heorem. [

£ 6.10. The converse of 6.9 also holds: if (P,L) is as described in (1),
>r (iii) of the theorem, then (P,L) is a connected Grassmann space

thick lines whose max spaces have finite ranks.

[n case (iii), o is induced by a polarity of the projective space over
rank 2d-1 such that x n x° has codimension at least 5 in x for any

ace x of rank d-1. By the classification of such polarities, cf. [3],

llows that F must be infinite,

The above remarks put together with 6.9, prove the main theorem stated
ction 2,

Ne conclude this section by mentioning that A (R)/ <o> for d = 5,

2d-1,a°7, %7 5
o is the polarity associated with the quadratic form Zi=1 x; (or any
nondegenerate form of Witt index at most d-5), provides an example of

ssmann space of the type occurring in (iii) of the main theorem.

?LICATIONS.

[n this section (P,L) <s a comnected Grassmann space with thick lines.
ler the following two axioms, each of them stronger than (P4).

If xe Pand L e L with x* n L = #, then x* n1te L.

If LisL,y € L with L1 n L2 # @ and z € P, then there is u € z' with
1

UL o= $ and u' o L, # @.




an easy exercise to show that (Q4) holds for (P,L) iff (Q4)' holds,

If S € S and x ¢ P\S, then x' n S is either empty or a maximal
clique in S.
(R4) is easily shown to be equivalent ot (R4)':
If S € S and x ¢ P\S, then x* n S is either a singleton or a maximal
clique in S.
;e that (P,L) has diameter 2 if (Q4) holds and diameter at most 3 if
1olds.

7.1. Suppose (P,L) satisfies (Q4). Let S,T be distinct symps on «, If
> {=}, then S n T e V.

Consider the residue of «, Suppose X ¢ s” n T, Take y € Tw\xl. Note
r ¢ 8” as s n T is a clique. Since L = yJ~ n S must be a line in
s there is z ¢ x* n L\{x}. This implies z € x n y'L E_Tm, so that

yn T X

MM 7.2, If (P,L) Zs a connected Grassmann space with thick lines whose
races have finite ranks and in which (Q4) holds, then (P,L) is either a

space or rank 3 or isomorphic to A 2(F) for some a = 4 and some divi-
H

sing F.

» Suppose MI,M € M have rank > 2 and M, n M2 € L. In order to apply

2 1
sition 5.9, we verify that L = M] n M, is in at least three max spaces.
ypotheses on the ranks of MI’MZ imply the existence of points
5 MI\MZ’ ind YysYy € M2\M1 such that rk(<x1,x2,L>) = rk(<y1,y2,L>) = 3,
Ly X ¢ ¥ Consider Si = S(Xi’yi) for i = 1,2, As M1 n M2 € L(Sl n SZ)’
7.1 yields that S1 ns, e V. Thus, if S1 n S2 E.Ml’ then Sl n S2 =
3, N M1 = S] n M1 = 82 n M2 by consideration of ranks, so <xl,x2,L> <
18, and 3 = rk(<x1,x2,L>) < rk(S1 n Sz) = 2, a contradiction. Hence
>2£M]

max space on L, and we can finish by Proposition 5.9. K

. Similarly, one can prove S] n 82 f.Mz’ Now (S1 n Sz)~L is a

FROM NOW ON WE ASSUME THAT (R4) HOLDS FOR (P,L)
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' ; .. . .. n B
. 7.3, Let X%, s%35%, X be a minimal 5 i%rcuzv (i.e. X;T N K oK a
or all i, indices taken modulo 5). If X7 n S(XZ’XQ) e V, then

1 . .oy
S(x;,19%5,43) ond x.7 n S(xi_l,xi_3)'are‘tn V for all i(1<is<5).

3 2 §. Thus x[‘b'L n

c x
4 — 73
l,x4), so xBL n S(Xl’x4) e V. Similarly le n S(xl,x4) e V., The argu-

1 .
. Note that X7 n S(xz,x4) e V iff {XI’XZ’X3’X4

1,x3) € V follows. Also for u ¢ {XI’XZ’XB’XA} , we have ux n

is easily completed. X

LARY 7.4, Let L e Land S e Swith S n L = @. If x,y € L and X5¥; €8
N L

X n§$S= {xl} and y’L nL= {yl} then X, €y,

. We may assume X Yo for else there is nothing to prove. Take

ll n yll\{xl,y]}, and consider the 5-circuit UsX 53X, e Since

ll u ul and y ¢ xli u ul and x* n S(Xl’yl) = {x]}, the lemma implies
L

X €Y. X

7.5. Suppose T S T S 18 a path in (P,L) with x, ¢ x3l and
xal such that {X],XZ,XB,X4}l = @, Then for M e M on x

2 max space M] On XX, of distance 2 to M in (M,®),

1%9> there 18 a

» By Lemma 3.8 there is a (unique) max space M' on x collinear with

X
273
nilarly there is a unique max space M, on X3%, collinear with M', Now
A=0 as M, n M E_{XI,XZ,XB,X4}l, so M, has distance 2 to M in (M,~).
se M2 is also a max space on XX, of distance 2 to M. Then by 6.4 there
ax spaces N ,N, on XyXy with N, n M, N; n M, e L for each i ¢ {1,2}.
l’NZ’M are three max spaces on X, the intersection of any two of which
ins a line. This implies Nl = N20 But then N],MI,M2 are three max
5 0n Xg, the intersection of any two of which contains a line. It
ts that M1 = M2. X

7.6. Suppose (P,L) satisfies (R4). If X sXgseeesXe 18 a minimal 5-
it in P, then

L . . . .

<i<

k7N S(Xi+1’xi+3) e V for each i (1<i<5), <ndices taken modulo 5).

[xl,xz,...,xs}l = ¢.
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PROOF.- (i) Suppose XI’XZ""’XS-iS a minimal 5-circuit which is a counter-
. . . . . 1
example to the statement, By 7.3, it is a circuit with X7 N S(xi+1,xi+3)
a singleton for each i. Let M be a max space on x3x4'and take Ml € M on
X Xq with M

On X, yXg5sX, 5Ky respectively.

K N M= £x3} and M2 € Mlon X, Xg with My, nMe L.l Now L1 =

n Ml’ L2 =%, Mz, L3 = X3 N M2 =Mn Mz, L4 =%, 0N M2 are lines

. L '
Since L n L4 S-{XI’XZ’XB’X4} and L, n L3 E_{xl,x5,x4,x3}L we have by
the assumption that L1 n L4 = Fz n L3 = @, Take u ¢ L3\{x4} and v € L4\{x3}.

Then u ¢ vl. For u ¢ v would imply L3 S_LAL and <L_,L,>% = M so that

3’74
M n M1 would contain the line Ly» conflicting M n M] = {x3}.

Consider S = S(u,v). Note that V = XSL n S contains L3 and must there-
fore be a plane in S. Similarly for W = le n S. Note that X, ¢ S, for else

L
X7 0 xgx, # @.

Now xl'L nS =@ by (R). As x

x]'L n le n S and x]l n x5l n S are nonempty., If z ¢ {xl,xz,xs}l ns,

1 L . .
then z ¢ {xl,xz,x3,x4,x5} nsS, as X" N S is a clique on X, and x

1€ le U xsl, Lemma 3.5 implies that

zl nsSs
5}'L n S = @. Thus lxll ns| =
SL n S| 22, so that xl“L nsSel, Write U =
n S. Since U,xs,x4 are in S, there is w ¢ x:,"L n x4l n U. But now

is a clique on Xqe So we may assume {xl,xz,x

v

L L o1
!xl nx,” n S|+ [xl n x
L
2N is a line in xl}'L n S(xl,x3); this settles (i).

.. L 1 L. L _
(ii) Assume u € {X]’x2’°"’x5} « Put L = x] n (x3x4) o Since x1 n x3x4 =0
>y minimality of the circuit, L ¢ L, Now <xl,x5,u>l, <x1,x2,u>l € qu, so
L
<xl,L> < <x1,x5,u> or <x1,L> E.<x1,x2,u> °
Without loss of generality, assume <x1,L> E_<x1,x5,u>l. Then

x,,L> c x + N ox conflicting ranks. K

4 - 3 5
EMMA 7.7. Let (P,L) satisfy (R4). If S,T are distinct symps, then S n T is
1wt a singleton.

’ROOF. Suppose S,T are symps such that S n T = {x} for some x ¢ P, Take
L€ S\xl. By axiom (R4), there is y ¢ zt n T. Now y € T\xl, for else
rext oozt ©S,s0yeSnT={x}and y = x conflicting z ¢ x*. Choose

1 L . 1
'12Vy € X7 0y with v, ¢ v,", and take u ¢ x' a2t
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Let i e {1,2}. Now U, X,V 55,2 is a 5-circuit with u ¢ yl (for else
uextn y'L cT), x ¢ zt v yl and \ ¢ zt (for otherwise v, € x* n 2t c s).
So either u € vi'L and vi'L n $> xu, or vi'L nS e . At any rate, Vil nsSeV
for each i € {1,2}. Put v, = vil n S and consider W = y'L nS. As z ¢
€ W\(V1 U Vz), we must have W ¢ V by Lemma 3.5. But then x' n Wis a line

. . 1 B
(as both x, W are in S) contained in x* ny , hence in T. K

LEMMA 7.8. Suppose (R4) holds for (P,L). Then rk(M) < 3 for any M e M,

§

PROOF. Suppose M is a singular subspace of rank 4. Pick x ¢ M and V,We VM)
with V.n W = {x}, and let S ,T be symps on V,W respectively. Since x ¢ S n T,
we know by Lemma 7.6 that there is a line L on x in S n T. Now V S_Ll would
imply L _C_'V'L nT=W; but also L ¢ V, as’<V,L> is a singular subspace of S,
so that L ¢ S n T = {x} which is absurd. Hence there is z ¢ L\{x} with

z ¢ V', Since z, V are in S, we obtain that L, = z' n Vis a line on X
Similarly, L2 =z A Wis a line on x. But now z ¢ Lll n L2l = <L1,L2>l

= Ml, so L cMand V S_Ll, which has just been excluded.

It follows that no max space of rank 4 exists, =

THEOREM 7.9. If (P,L) ©s a connected Grassmann space with thick lines in
which (R4) holds then (P,L) is either a polar space of rank 3 or isomorphic
to one of A, ,(F),A. ,(F) for some division ring F.

4,2 5,3

PROOF. This is a direct consequence of 6.9 and 7.8. b
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